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Let C be a binary code of length n and let &<a, 6, c, d) be its biweight enumerator. If n is 
even and C is self-dual, then J, is an element of the ring Rs of absolute invariants of a certain 
group %T?. Under the additional assumption that all codewords of C have weigh& divisible by 4, a 
similar result holds with a different group. If n is odd and C is maximal self-orthogonal, then J, 
is an element of a certain RsB-module. Again a similar result holds if the codewords of C have 
weights divisible by 4. The groups involved are related to finite groups generated by reflections. 
In this paper the structure of these groups is described, and polynomial bases for the rings and 
modules in question are obtained. This answers a question posed in The ‘17teory of Error- 
correcting Codes by F.J. MacWilliams and N.J.A. Sloane. 
1. Iutroductiore 
In this paper we discuss the biweight enumerator of self-orthogonal binary 
codes. Most of the codes we will discuss have the property that all of their 
codewords have weights divisible by 4. Such codes not only are among the best 
binary linear codes [6], but also give rise to dense sphere packings ar_d lattices 
[14]. If a projective plane of order 10 exists, there is associated with it a 
[112,56,12] and a [ill, 55,121 self-orthogonal code with weights divisib!e by 4 
(see 171). 
To prove the results of this paper, theorems of MacWilliams [4, ch. 51 and 
Molien [ 111 and the technique of group invariants (see [ 1,2]) are used. In Section 
2 we state these results and give preliminary results and definitions related to the 
biweight enumerator. In Section 3, a group which arises in Section 2 is discussed, 
Finally, in Section 4, the theorems on the biweight enumerator are stated ancil 
proved, and in Section 5 examples are given. This paper solves the problem 
mentioned in [4, ch. 191 of determining the biweight enumerator of self-dual and 
maximal self -orthogonal codes. 
2. Preliminary results 
Let R =C[q, . . . , x,,] be the free ring of polynomials in the independent 
variables x , , . . . , x,, over C. Let A = (aij) be an y1 X y1 complex matrix. We define 
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A of to be the polynomial 
If % is a finite complex linear group of degree n and x :%8+X is a homomorphism 
(i.e. linear character), define Rt = cf E R 1 A of = x(A)f for all A ES} as the set of 
relative invariants of %’ with reslject o X. If x = 1, Ry = R’ is the ring of absdute 
invariants of 3. Note that Rz i;; an R%-module. We write 
RT = 6 (RT>i 
i=O 
where (Rz)i is the finite dimensional subspace of Rz consisting of the homogene- 
ous polynomials of degree i. So RF is a graded module over R? Let 
&Jh) = i dim (Rz)$’ 
i=O 
be the Molien series of $ with respect o x. Then 
Theorem. 2.1. (Molien [ll]; see also [l, p. 2591 and [16]). 
where bar denotes complex conjugation. 
Let F= GF (2). Let C be an [n, k, #code, i.e. a k-dimensional subspace of F” 
with nonzero codewords of weight at least d. (The weight of a codeword u is the 
number of nonzero entries in the codeword, denoted wt (u).) Define Cl = 
{uEF”]u*u= 0 for all v E C) where u 9 ZI is the ordinary inner product in F’. In 
general Cl is an [n, n - k, d’] code. We say that C is self-orthogonal if C c Cl. If 
PsPl , ,, iiich implies n is even), C is called self-dual. If n is odd and C G C* 
with dim (C/C) = 1, then C is called maximal self-orthogonal 
Let u=&,. . ., u,,),u=(v~,. . . ,q,)dT Define 
i(u, u) = number of r such that u, = v, =: 0, 
j(u,u)=number of r such that u,=O,q=l, 
k(u, U) = number of r such that u, = 1, u, =0, 
Z(u, U) = number of r such that u, = U, = 1. 
The joint weight enumerator of two binary (linear or nonlinear) codes A, B of 
len.gth n is the homogeneous polynomial of degree n defined by 
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Denote JAqA by JA (the biweight enumerator of A). We have the following result: 
Theorem 2.2. (MacWilliams et al. [4, S]). If A is any binary code, and B is linear, 
then 
J,p(a, b, c,d)=&J,&a+b, a-b,c+d,c-d). 
By the results of [5, Section III] using the above theorem, we have 
Theorem 2.3. If C is self-dual, then Jc is an absolute invariant of the group 9& 
generated by all permutation matrices, all 16 matrices diag ( f 1, f 1, f 1, * l), and 
1 10 0 
T2=z 1 
1 ( 0 -10 0 1 l 0 1 1 
0 0 1 -1 
In addition, if all codewords of C have weights divisible by 4, Jc is an absolute 
invatiant of the group 9, generated by S2 and Tl = diag (1, i, 1, i). 
We now discuss the biweight enumerator of maximal self-orthogonal codes. Let 
C be maximal self-orthogonal of length n; then C” = C U (l+ C) where 1 is the 
all ones vector. Hence Jcl,cA = ~~+ Mi 0 Jc where Mi are the permutation matrices 
(l), (1,2)(3,4) (1,3)(2,4), and (1,4)(2,3) respectively. In a method similar to 
[8], [9] and [16] let x0, x1, x2, x3, a, b, c, d be algebraically independent. Define 
f(xov XI, ~2, ~3, a, b, G d) = i XiMioJc(a, b, C, d). 
i=O 
Using Theorem 2.2, 
1 l 
TzoJc=- 1 MioJc 
J2 i=O 
As M,T,=T,diag(l, -l,l,-l),j(u,u)+I(u,v)=wt(v)=O(mod2), and n= 
l(mod 2), we obtain 
T20(MpJc)=- ; i (-l)‘M,oJ,. 
i=O 
Similar results hold for T20(MioJc) for j = 2,3. Together these give that f is 
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invariant under 
As Z(u,v)=u-v=O(mod2), wt(u)=k(u,v)+I(u,v), i(u,v)=n=l(mod2), and 
J,(a, b, c, d) = Jc(a, c, b, d), f is also invariant under 
where XH2, If p 
1, &of= vf where 
Thus we have: 
is a prime greater than n and v is a primitive pth root of 
Theorem. 2.4. I’ C is maximal seZf-orthogonal of length n, then 
f(u, v, w, x, a, b, c, d) = &(a, 6, c, d)+vMpJ,(a, b, c, S) 
+ wM,oJ,(a, b, c, d)+xMpJ,(a, b, c, d) 
is a relative invariant under the group 
with respect o 
+;(; 3) = vi. 
Now if we add the assumption that every codeword has weight divisible by 4, 
we have two possibilities by [ 161: n = f 1 mod 8. Let R = diag (1, l? i, i). The 
following is easy to verify: 
Theorem 2.5. If C is maximal self-orthbgonal of length n with all codewords 
having weights divisible by 4, then 
(a) if n = 1 mod 8, f is a relative invariant of 
with respect to ,y ( ii,; 3)=vi 2, 
ivhzre X E (g2, R). 
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(b) if n = - 1 mod 8, f is a relative invariant of 
with respect to x ( i(; ;))=Vi 2, 
where X e (S2, It). 
3. The group 9, 
In this section we discuss the group %, of Theorem 2.3 and a subgroup %‘, of 
index 2. We define the following elements of (8,: 
A, =diag(-1, -l,l, 1), A,=diag((-l,l, -1, l), 
&=(; ; i $3 Ax-[ 
X, = diag (- 1, 1, 1, l), 
and X,= 
0 10 
0 0 1 
0 0 0 ’ 
10 0 1 
Notice that (T, 7’z)3 = EI where E = (i + 1)/a, a primitive eighth root of 1. If 
JV = (~1, Al, AZ, Ad, A,), then 9, = (.M, T1, T2, X0, X1, X2). Also all elements of 9, 
have determinant *l. It is easy to verify that JVQ$& Z(%,) =2(N) = 
(&I), N/Z@,) = Z2 X Z2 X Z2 X Z,, and IJV\ = 128, where Z(%,) is the center of 9,. 
Let @, =%,/Z(%,) and $, =%&V. If XE%,, X and k are the corresponding 
elements in @, and 6,. Let (A 1, . . . , &} be the nonidentity elements of 2, where 
A3=Al-C12, Ai =Ai-d& for i = 5, 6, 7, and Aj = Aj--gAs for j = 9,. . . ,15. If 9 
is the symmetric group on (A,, . . . , A &, P : s1 + Sp given by 
wo ( Ai 
= .X-‘AiX 
is a homomorphism. Using [3, Lemma 34.51, ker !P = JV. As in [3, Theorem 34.61, 
3 can be made into a symplectic space and & is a subgroup of Sp4 (2) = Sg. 
Identify Ai with i. If ?r=X1X2T1T2, !P(~)=(1,4,8,14,3) (2,5,12,6,13) 
(7,9,10,11,15) and notice that the orbit B, =(2,5,6,12,13} of P(T) has 
exactly six images under the action of !I’(%,), namely B1, B2 =(2. I, 7,14,15}, 
B3=(3,4,6, 10, ll}, Bq=(3, 5,7,8,9}, B5=(1, 9, 10, 12,14), and Bd= 
(1,8,11,13,15}. The map 0:%, + S6 given by 0(X) = (&) is a homomorphism 
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also with kernel N. Also identifying Bi with i, O(T) = (2,4,5,3,6) and 6( T,) = 
(1,2). Hence 4, =Sti and \%,I = 92160. 
We note that there is a subgroup %‘, of index 2 in se,, which is generated by 
reflections (elements of the conjugacy class containing X0); aCe, is the group of the 
polytope (ir$)” (see [13]). This subgroup has the following properties: N1 = 
%, nN has index 2 in N, Z(S;e,) = (il), and ~JN, = S,. As reflections correspond 
to transpositions, the elements of %‘, are precisely those X E %, where det (X) 
agrees with the sign of 0(X). The conjugacy classes of %‘, are the same as those in 
9, excluding the classes not in aCeI. We remark that another subgroup of %&, the 
unimodular subgroup, is studied in [lo], and similar results to those in the next 
section appear there. 
As the conjugacy classes of se, and xl are needed in the computation of the 
Molien series in the next section, we include the 118 classes of %!& for compkete- 
ness. It is straightforward, though tedious, to calculate the classes of se, using 
%J,/N==S& Let 
Ys = (x,x,T,T,)8, Y3 = (X,X,X,T,T,)8, Y; = (Tl Tz)‘, 
Yc, = (X,X,X,T, T&I), Y; = (T,T2X2T2X2)(eI), Y2 = T1, 
Y; = x0, Y; = XoTl, Y4=X1TI, and Y~=X,T,X,T,X,. 
We obtain the following classes for ge, where the second column gives the values 
of i for which distinct classes are obtained and the fourth column gives the 
eigenvalues for the class i = 0. 
Class IR Values of j 1~1 Eigenvalues 
YSW) 
Y,(dZ j 
Yi(&jZ) 
Y;k’Z)A, 
YJ&‘Z) 
YL(&“l) 
Y&z ‘Z)A . 
,, , :. 
aL\_ 1( 
Y#i)A 
Y@Z)A; 
Y;(&‘z) 
Y;(dZ)A, 
YZ(&iZ) 
Y;(dZ)A, 
k ;(dZ)Ax 
Y,( &:‘I) 
Y,(dZ)A, 
Y;(&iZ) 
Y&‘Z)A, 
E’H 
A,(F’!) 
0,1,...,7 
0,1,...,7 
0,1,...,7 
0, 1,2,3 
0,1,...,7 
0,1,2,3 
0,1,...,7 
0,1,...,7 
091 
0,1,2,3 
0,1,...,7 
0, I 
O,l,. ..,7 
091 
0, 1, :2,3 
0,1,...,7 
O-1 
0,1,...,7 
091 
0.1,...,7 
0,1,2,3 
2304 CL, CL29 P39 CL4 
640 l,l,o,O 
160 0, c&o, 3 
960 -w, -3,w,o 
1920 1, -1, -0, -cs 
1920 0, -o,c3, -Gi 
960 w, (3, iw, ii3 
30 1, 1, i, i 
360 1, -1, i, -i 
240 1,1, -1, -1 
60 - 1, 1, 1, 1 
720 1, -l,i, -i 
180 1, -l,i,i 
1440 1, -1, i, -i 
360 1,1, -1, -1 
720 1, i, E, es 
2880 1, -l,i, -i 
720 -l,i,e,e5 
2880 1, -1, i, -i 
1 1,LL 1 
30 1,1, -1, -1 
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4. Main results 
In this section we use the Molien series of the groups discussed 
compute the invariants of these groups. These results are then 
results of Section 2 to obtain forms for the biweight enumerator. 
We establish the following notation: 
in Section 3 to 
combined with 
u2=a2+b2+c2+d2, 
oi2 = a2b2 + a2c2+ a2d2 + b2c2 + b2d2 + c2d2, 
0222 = a2b2c2 + a2b2d2+ a2c2d2 -t b2c2d2, 
02222 = a2b2c2d2, 
f? =a2, 
B = 6~~222 --~2z(r2+$c& 
c = 1202222-%(r222~2+a~2-~~22~~+~~~, 
D= -4a CT +‘a a2-t~a~22+~O;2 2222 22 4 2222 2 
--&0;20; --$cr222u2*cr2 +$r220; l CT6 -- 1152 29 
&=C, 
p12 = D+&A3B, 
P 20 =&A’B-24A4D+$AB3+192CD, 
P 24 =& A ‘2-$$A8C+$$A6B2+9A4C2+144A3BD+6A2B2C+B4, 
Theorem 4.1. Let S be a self-dual linear code. 
(a) Then Js is an element of 
C[A, C, B2, D2]03BDC[A, C, B2, D’]. 
(b) If in addition all codewords of S have weights divisible 5y 4, then Js is an 
element of 
Proof. Part (a) is given in [S] and is included here for completeness. Part (b) is as 
follows. Using the table of conjugacy classes of 9, in the previous section, we 
obtain the Molien series for X1 and se,: 
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and 
The fnst agrees with the results of [lo] and [13]. By [13] we know that %‘, has 
algebraically independent absolute invariants of degrees 8,12,20, and 24. Using 
the fact that X2 =X1 ng2 is the u.g.g.r. [3,4,3] of [13] which has as absolute 
invariants the free ring in A, B, C, D, by [5], and that X, = (X2, TI) we obtain 
I’s, P12, P20, and P24 using a computer. These must be algebraically independent 
as we know such polynomials exist and the sets {&PIz, pzo} and {P& PT2, P24} are 
linearly independent. Since se, =(X1, &I), part (b) follows. 
We now consider the case of maximal self-orthogonal codes. 
The following lemm.as will be used in the main result, Theorem 4.4. The first of 
these motivates why cierivatives will occur in Theorem 4.4. 
Lemma 4.2. Let C be a binary linear [n, k, d]-code with a transitive automorphism 
group. Let C* be a shortened [n - 1, k - 1, d] code obtained from C by choosing all 
codewords with a 0 in position p and deleting that position. Then Jc* is independent 
of p and is given by 
1 a -- J 
ni)a c 
Proof. Let Ai,j.k,l be the coefficient of a ‘bjc kdz in .I& Let I@, i, j, k, I) be the 
number of pairs of codewords in C with O’s in position p which contribute to 
A i.j.k.l= _-men 
i r(P, k i, k O = iAi,j,k,l 
p=l 
1q +h- ’ 
c_ .-,.-hand side counts all pairs contributing to Ai,j,k,l exactly i times each 
since any such pair has i positions in which both coordinates are 0. But by 
transitivity of the automorphism group of C, &I, i, j, k, I) is independent of p. 
Hence 
I(p, i, i, k, 1) =i Ai.j.k.l. 
This clearly implies the result. 
We remark that if \C is a self-dual code, then C* is maximal self-orthogonal; if 
C has 8he property that all its codewords have weights divisible by 4, so does C? 
A SirnlP?r result appears in 181. 
We :ow state a result needed in the final theorem. The proof is straightforw;c;rd. 
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Lemma 4.3. Let A be an n X n matrix and fixI, . . . , x,,) an absolute invariant of A. 
Then if u = ipI, . . . , p,,) such that pl, . . . , p,,, n,, . . . , x,, are algebraically indepen- 
dent, then u l Vf is an absolute invariant of 
acting on (pl, . . . , h, x1,. . . , G). 
we now list polynomials which will appear in Our filld theOrem. ht ai,j,k,[ 
denote the following polynomials: 
a i,i.i,i = ai(bj&j), 
ai,k,j.j = ai,j,j,k 
= ai(bjcjdk + bjckdj + bkcjdj) if if k, 
~i,j.k,l 
= ai(bjckd* + bjczdk + bkcj# + bkc’dj 
+ b[cjdk + b*c kdj) if j, k, 1 are distinct. 
Let 
Pl=a, 
PI3 =~~9.4.0,0-~~i.2,2,2-~~~,~,0,0-~~~,4,4.0 
11 
-- 2tY - 450 ‘a! + ma 1,8,4,0 + a 1,4,4,4, 75 3,6.2,2 1,12,0.0 
P 17 = &o(23a5,12,0,0 - 1 lag,g,O,o - 11%3,4,0,0 - a 1,16,0.0 - 250a9.4,4.0) 
+ &#a + 406cw - 39Q! - 3% ~8.8.0) 3,10,2,2 3.6.6.2 11,2,2,2 
7 -- ia + 7Oe4.4.4) 780 5,8,4,0 
-i@7,6.2,2-405 19 7a 1,12,4,0 +a1844 , , , . 
P 29 = --&i~21.4.4,0+6~~5.16.4.4 ) 
+iM ~~9,6,2.2+~6~~13,~,4,4+41~~.~2.12.0 
-2~~%.12.8.4+~3,22.2.2-4%.12.12.4) 
+&d~7~1,,4,4~+~5.20,4,0-9~,20,4,4) 
+~(~~~13,~,~,0-~~~~l,10,6,2-f2~~9,8.8,4 - 11a5,16,8,0 
-7a 3,14,10,2+ 275a3,10,10,6 + 19~1,16,8.4- 43a1,17,8d 
+&a 13,12,4.0 - 1oga9,12,4.4 ) 
+~(-4Q1~~,lo,2.2-6~~15,6,6,2-~9,16,4,0 
- llcv 9,12&O -2at 7,18,2,2 -t- 22~7~0~0.2 + 253a7.10s6.6) 
+ %%,14.2,2- 297%%8.8 ) 
-~i56Cu11,6,6.6+~a3,14,6.6) 
+ ~~3.18.6.2 + ~7,14,6.2- 
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Theorem 4.4. Let M be a binary maximal self-orthogonal inear code of length n, 
where n is odd. Let SP=C[A, C, B2, Pf2] and T = C[P,, Pt2, I& P&J. If P is a 
polynomiat, let P* denote aP/aa. 
(a) Then JM is a polynomial in 
(b) If all codewords of M have weights divisible by 4, then n = f 1 mod 8. Also 
(i) if n = - 1 mod 8, JM is a polynomial in 
(ii) if n = 1 mod 8, .TM is a polynomial in 
Proof. To prove part (a) we let Z2 be the subgroup of index 2 in s2 generated by 
reflections; this is the u.g.g.r. [3,4,3] of [13]. Let 
where Z,., is as in Section 2. Let JU be the set of all W(a, b, c, d) such that 
f(u, v, w, x, a, b, c, d) = uW(a, b, c, d)+vM, 0 W(a, b, c, d) 
+ wM20 W(a, b, c, d) + xM,o W(a, b, c, d) 
k an absolute invariant under 
Let N be the same set for the group 
instead *If %s. So by Theorem 2.4 J,,,, E JV E JU. If &, Nt are the graded modules 
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of all relative invariants of Z&-,, %& with respect to 
then clearly by Theorem 2.4, the dimension a, (or b,) of the subspace of 
homogeneous polynomials of degree y1 in JU (or N) equals the dimension of the 
subspace of homogeneous polmomials of degree y1+ 1 in .&i (or .A$) provided 
p>n+l. 
We compute the Molien series for Z&. We obtain, letting 
the series 
By the preceding paragraph we have a, is the coefficient of A”+’ in the above 
series after letting p ---)a~ (keeping IA\ c 1). This series is then (see also [S, 161) 
1 
c 
1 1 2a 
I 
ebie de 
l152xE~z [I-AX)G II- Ae”X] = 
1 
c 
trace (X) A(A+A5+A7+A11) =- 
1152 XEZz II-XXI =(1-A2)(l-A6)(l-A8)(l-A’2)’ 
The last equality comes from the results of Section 3. By Theorem 4.1 and 
Lemma 4.3, 
A = A*SP1 + B*Y1 + C*Y1 + PT2SP1 
where sP1 =C[A, B, C, PI21 provided we show this sum is direct. This is shown as 
follows: If u = (u, ZJ, w, x j and x = (a, b, c, d), then letting g, = A, g, = B, g, = 
C, g, = PI2 and 6 = u l Vgi we obtain by Lemma 4.3 that 
2 (x) = 2 (Mg), 2 (x) = 2 (M2x), 
140 
and 
z (x) =z (M3x). 
Assume 
i ai (X)=0 
i=l 
where ai (x) E 9-‘, . If MO = I, then we have four equations for j = 0, 1,2,3: 
0 = Mi \) ( i &i(X) 2 (x)) = i ai 2 (M+) 
i=l i=l 
as Gi E 9,. By the preceding equalities, these four equations have coefficient 
matrix with determinant equal to the Jacobian of g,, g,, g,, g4. As g,, g,, g,, g4 are 
algebraically independent their Jacobian is not identically 0. Thus all ai are 0 and 
we are done. 
We now do the same computation for %& and after letting p+m we obtain the 
series 
A(h +h’+A” +2A17+A19+h.23+h25) 
(1 -A2)(1 -h8)(1 -M2)(1 -h24) l 
Using the fact that T,og = - g if g = B or PI2 and arguing as ii; Lemma 4.3 that if 
f=u l vg, 
( > 2 ; of= -f, 2 
we obtain the module N as described in part (a) 01: the theorem. 
Ipart (b(i)) follows in the same manner where the groups %‘2,P and 92.P are 
replaced by 2~‘~ ,P and Sl,., respectively where 
The series for Xr,p and %,,, which are obtained after letting p ---)oo are respectively 
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and 
h(h7+2h23+2h31+2A3g+h55) 
(1-A8)(1-A24)2(1-h40) ’ 
Part (b (ii)) follows in a similar way. By Theorem2.5, letting 
we need the series for %i,, and 9&,, with respect to x. We obtain 
&:,,.,(A) = ’ c ‘(A) 
46080~ AE%',_ iI- AA 1 
=i&.ix& $;z,I - 
1 
AX&Ad, 
1 trace (Z) A(A+A’3+A17+A2g) -- 
+- ’ iI--AXI =(1-A8)(1-A12)(1-A20)(1-A24) 46080 xE%l 
where the last equality again comes from Section 3. If JU and N are the sets 
described in part (a) of the proof using the groups See: and 9; where 
we have that JV = PI& +P13S1 + P17S1 +P2gSf where S1 = c[& P12, P20, P24] 
provided again the sum is direct. (These polynomials were obtained as invariants 
using a computer.) Again we have 
where cyi E T1 ; applying the matrices 
0 10 0 
1 0 0 0 ( ) 0010’ 0 0 0 1 
M2, and 
+2 W.C. Huffman 
we obtain three further equations fixing &). The determinant of this system 
when evaluated at (4, 1,2,6) is nonzero; hence each Cyi = 0 and the sum is direct. 
Computing the series for %i,, and letting p*m gives 
h(h+A’7+A25+2h33+X41+2A49) 
(1-h8)(l-X24)2(1-A40) l 
Using the fact that T20P12 = -PI2 and T20P20= -P20, we obtain for N the 
module described in part (b (ii)) of the theorem. 
5. Examples 
We now compute a few examples for the theorems of Section 4. 
Example 1. If Cg is the extended [S, 4,4] Hamming code, J& = 16C. 
Example 2. If C7 is the Hamming [7,3,4] code, Jc, = 2C*. 
Example 3. If C24 is the extended [24,12,8] Golay code, Jc,, = 
A( 11 l 163C3 +7 l 5762F:2) (see [S]). 
Example ’ 4. If C23 is the [23,11,8] Golay code, Jcz3 = 
A(33 l 163C2C* + 14 l 5762P12P:2). 
We note that Examples 2,4 come from Examples 1,3 using Lemma 4.2. 
Example 5. V C is any self-dual binary code and C’ is obtained from C by adding 
a c&n~u or zeros. Jcl = PI Jc 
Example 6. If Cl7 is the [17,8,4] code r\T of [12], then Jcl, = 28P,C2+ 1620P17. 
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